for all but finitely many primes λ of K; here W (k λ ) is the ring of Witt vectors of k λ . If k = 2, then (0.1) holds for all but finitely primes λ of K dividing rational primes ℓ such that (0.2) a 2 ℓ ≡ ω(ℓ) (mod λ). The special case of Theorem 1 for elliptic curves was proven by Mazur [15] using results of Flach [8] on symmetric square Selmer groups of elliptic curves. For weight k ≥ 3 Theorem 1 answers Mazur's question of [15, Section 11] concerning the finiteness of the set of obstructed primes for modular forms; previously this finiteness was not known for a single modular form. We refer to [15] for a discussion of additional applications of Theorem 1.
Our methods are in principle effective; that is, given enough information about the modular form f it is possible to determine a finite set of primes λ containing all those violating (0.1). We study in detail the cases of the six normalized cusp forms of level 1, weight 12, 16, 18, 20, 22 or 26, and trivial character. Combining Theorem 1 with work of Hida and Mazur, we prove the following. For example, for f = ∆, (0.3) holds for ℓ ≥ 17, ℓ = 23, 691. Using [13] , the proof of Theorem 1 is quickly reduced to showing that the Galois cohomology group H 2 (G Q , adρ f,λ ) of the adjoint representation ofρ f,λ vanishes for almost all λ (or for almost all λ satisfying (0.2) when k = 2). Duality results of Poitou and Tate reduce this vanishing to the vanishing of X 1 (G Q,S∪{ℓ} ,ε λ ⊗adρ f,λ ) and of H 0 (G p ,ε λ ⊗ adρ f,λ ) for all p ∈ S ∪ {ℓ}; hereε λ is the mod λ Teichmüller character and G p is the absolute Galois group of Q p . (This reduction is explained in Section 1.) The former vanishing can be deduced for almost all λ from [5] . Thus the proof reduces to showing two facts:
(1) For fixed p, H 0 (G p ,ε λ ⊗ adρ f,λ ) = 0 for almost all λ; (2) H 0 (G ℓ ,ε λ ⊗ adρ f,λ ) = 0 for almost all λ (or for almost all λ satisfying (0.2) when k = 2), where ℓ = char k λ . In the elliptic curve case,ρ f,λ | Gp has a canonical interpretation via the Galois action on the ℓ-torsion points of the elliptic curve; the proofs of (1) and (2) are then a straightforward exercise using formal groups and the Kodaira-Néron classification of special fibers of Néron models of elliptic curves. Unfortunately, for more general modular forms there is no canonical model of the (often reducible) representation ρ f,λ | Gp , and the tools from the elliptic curve case are no longer applicable.
Our proof of (1) divides into two case. Let π p be the p-component of the automorphic representation corresponding to f . If π p is principal series or supercuspidal, then there is no harm in studying the semisimplification ofρ f,λ | Gp . One can then use the local Langlands correspondence for GL 2 to deduce (1) for such p. This is done in Section 2. If π p is special, then to prove (1) for p it is not sufficient to consider the semisimplification, and the lack of a canonical choice forρ f,λ | Gp prevents one from using a purely local approach. Instead, we rigidify the situation using the global representationρ f,λ ; we then use a level-lowering argument suggested to us by Ken Ribet to verify (1) for such p. We present this argument in Section 4.2.
We use the theory of Fontaine-Laffaille to reduce (2) to a computation with filtered Dieudonné modules; this is presented in Section 3. The proofs of Theorems 1 and 2 are given in Section 4.
It is a pleasure to thank Matthias Flach, Elena Mantovan, Robert Pollack, and Ken Ribet for helpful conversations related to this work.
Notation. If ρ : G → GL 2 K is a representation of a group G over a field K, we write ad ρ : G → GL 4 K for the adjoint representation of G on End(ρ). We write ad 0 ρ : G → GL 3 K for the kernel of the trace map from ad ρ to the trivial representation. We use the phrase "almost all" as a synonym for the phrase "all but finitely many".
We write G Q := Gal(Q/Q) for the absolute Galois group of Q. We fix now and forever embeddingsQ ֒→Q p for each p; these yield injections G p ֒→ G Q with G p := Gal(Q p /Q p ) the absolute Galois group of Q p . Let I p ֒→ G p denote the inertia subgroup. We write ε ℓ for the ℓ-adic cyclotomic character andε ℓ for the mod ℓ Teichmüller character.
1. Deformation theory 1.1. Deformation theory. Let k be a finite field of odd characteristic ℓ. Let S be a finite set of places of Q containing ℓ and the infinite place, and let Q S denote the maximal extension of Q unramified away from S; set G Q,S = Gal(Q S /Q). Consider an absolutely irreducible continuous Galois representation
We further assume thatρ is odd in the sense that the image of complex conjugation underρ has distinct eigenvalues.
Let C denote the category of inverse limits of artinian local rings with residue field k; morphisms in C are assumed to induce the identity map on k. For a ring A in C, we say that ρ : G Q,S → GL 2 A is a lifting ofρ to A if the composition
equalsρ. We say that two liftings ρ 1 , ρ 2 ofρ to A are strictly conjugate if there is a matrix
We define a deformation ofρ to A to be a strict conjugacy class of liftings ofρ to A.
Define a functor Dρ : C → Sets sending a ring A to the set of deformations ofρ to A. Sinceρ is absolutely irreducible, by [13, Proposition 1] the functor Dρ is representable by a ring Rρ of C; that is, there is an isomorphism of functors
. 
with W (k) the ring of Witt vectors of k.
1.2.
A criterion for unobstructedness. We continue with the notation of the previous section. In this section we recall Flach's criterion of [8, Section 3] for the vanishing of H 2 (G Q,S , adρ). We fix a domain O in C which is a finite W (k)-algebra and a lifting ρ : G Q,S → GL 2 O ofρ to O. Let K denote the fraction field of O and let V ρ (resp. A ρ ) denote a three dimensional K-vector space (resp. (K/O) 3 ) endowed with a G Q,S action via ad 0 ρ. Let V (resp. A) denote either V ρ (resp. A ρ ) or its Tate twist V ρ (1) (resp. A ρ (1)). Define
Proof. The trace pairing adρ ⊗ adρ → k identifies the Cartier dual of adρ with ε ℓ ⊗ adρ. Poitou-Tate global duality (see [16, Proposition 4 .10]) thus yields an exact sequence
where
We have
The first summand vanishes by [19, Lemma 10.6] . Thus, by (1.3) and hypothesis (1), to prove the proposition it suffices to show that
Define X(A ρ ) via the exact sequence
(We remark that this X has very little to do with the X 1 defined above.) By (1.2) and hypothesis (3) we have
is Cartier dual to A ρ , by [7, Theorem 1] this implies that X(A ρ (1)) = 0. Together with (2), the analogue of (1.5) for A ρ (1) allows us to conclude that
Let m be the maximal ideal of O. Since ρ is a deformation ofρ, the G Q,S -module
Asρ is absolutely irreducible, the natural map
is injective. The image of X 1 (G Q,S ,ε ℓ ⊗ ad 0ρ ) under this map is easily seen to lie in H 1 f (G Q , A ρ (1)), so that (1.6) now implies (1.4) and completes the proof.
2. Local invariants, ℓ = p 2.1. The local Langlands correspondence for GL 2 . Fix a prime p, a prime ℓ = p, and an isomorphism ι : C ≃ −→Q ℓ . We now briefly review the local Langlands correspondence between admissible representations of GL 2 Q p and two dimensional ℓ-adic representations of G p ; see [6, Section 11] and the references therein for more details, or see [2] for a thoroughly enjoyable introduction.
We begin with some remarks on characters. Let F be a finite extension of Q p and set G F = Gal(F /F ). We say that a continuous character χ :
it is arithmetic and of Galois-type, with |·| ι equal to ε ℓ .
Let π be an irreducible admissible complex representation of GL 2 Q p and let ρ : G p → GL 2Qℓ be a continuous representation of G p . We define the notion of Langlands correspondence (with respect to ι) between π and ρ by considering five cases.
π finite dimensional: In this case π is one dimensional, of the form
Then π is in Langlands correspondence with ρ if χ is of Galois-type and
is a certain induced representation; see [6, Section 11.2] for the definition.) Then π is in Langlands correspondence with ρ if χ 1 , χ 2 are of Galois-type and
π special: In this case π is the unique infinite dimensional irreducible subquotient of π(χ |·| , χ) for a character χ :
) is non-zero and ramified. π quadratic base change: In this case there is a quadratic extension F of Q p and a character χ : F × → C × with χ = χ c such that π is the base change of χ for F/Q p ; here χ c is the character given by χ c (α) = χ(α c ) with (·) c the non-trivial element of Gal(F/Q p ). Then π is in Langlands correspondence with ρ if χ is of Galois-type and ρ ∼ = Ind Gp GF χ ι . π extraordinary: This case can only occur if p = 2. We will not attempt to describe the representation π. Instead, all we need to know is that if ρ is in Langlands correspondence with an extraordinary π, then the image of the composition proj ρ :
is isomorphic to A 4 or S 4 . Furthermore, the composition
with the adjoint representation is an irreducible three dimensional representation of the finite group proj ρ(I 2 ). In the first four cases we say that π is arithmetic if the characters appearing are arithmetic; we will regard all extraordinary representations as arithmetic. Proof. Since χ is arithmetic, there is a finite extension L of Q with χ(
If this hold for infinitely many λ, then χ(F × ) − 1 lies in infinitely many distinct primes of O L and thus is trivial, as claimed.
Computation of local invariants.
We continue with the notation of the previous section. By the compactness of G p one can conjugate a continuous representation ρ : G p → GL 2Qℓ to take values in the ring of integers of a finite extension of Q ℓ . Reducing modulo the maximal ideal then yields a representation ρ : G p → GL 2Fℓ . Althoughρ itself is not uniquely determined, its semisimplifica-
is uniquely determined by ρ (up to isomorphism) by the Brauer-Nesbitt theorem. 
for almost all λ.
Proof. For λ of odd residue characteristic we havē
The first summand is trivial if and only if p ≡ 1 (mod λ), so that we may restrict our attention toε λ ⊗ ad 0ρss λ . Assume first that π is principal series. Then π = π(χ 1 , χ 2 ) for arithmetic characters χ i : Q × p → C × of Galois-type with respect to each ι λ . Since π is in Langlands correspondence with each ρ λ , we have
We must show that each of these characters is non-trivial for almost all λ. 1,λχ2,λ , thus settling this case of the proposition.
Next assume that there is a quadratic extension F of Q p such that π is the base change of an arithmetic character χ : F × → C × of Galois-type with respect to all ι λ . Let ω :
As always, theε λ summand is not a problem. The second summand is irreducible if and only ifω λ =ω c λ . In particular, if ω = ω c , then this case of the proposition follows from Lemma 2.1. If instead ω = ω c , then ω 2 = 1, ω extends to a character ω :
λ . Since ω 2 = 1, we clearly haveω = |·| ±1 ; this case of the proposition thus again follows from Lemma 2.1. Finally, if π is extraordinary, then ad 0 ρ λ is an irreducible three dimensional representation of the finite group proj ρ λ (I 2 ). Since proj ρ λ (I 2 ) has order 12 or 24, it follows that ad 0ρ λ = ad 0ρss λ is an irreducibleF ℓ -representation of I 2 for λ of residue characteristic at least 5. Thus already
for such λ; the proposition follows.
Remark 2.3. Note that ifρ : G p → GL 2Fℓ is any reduction of ρ, then
Remark 2.4. Suppose that π = π(χ 1 , χ 2 ) is an unramified principal series representation (that is, χ i (Z × p ) = 1 for i = 1, 2). Then if π is in Langlands correspondence with ρ, using (2.1) one finds that:
In the case of a modular form f = a n q n ⊆ O[[q]] of weight k, level N , and character ω, this translates to the condition
Remark 2.5. If π is one dimensional or special, then
for almost all λ. For π special, however, one might hope to obtain an analogue of Proposition 2.2 by allowingρ to be non-semisimple. Unfortunately, there is no way to formulate such a result purely locally. Instead, for the case of special local components of Galois representations attached to modular forms, in Section 4.2 we will use global considerations to rigidifyρ; we will then be able to obtain the required vanishing in the special case as well. 
We now recall the relation between filtered Dieudonné modules and Galois representations. Let V be a finite dimensional K-vector space equipped with a K-linear action of the absolute Galois group 
Here ω(ℓ) := ω(Frob Example 3.5. Let f = a n q n be a newform of weight k ≥ 2, level N , and character ω. Let K f denote the number field generated by the Fourier coefficients a n . Assuming that K contains the completion of K f at some prime ideal λ, there is a Galois representation ρ f : G Q → GL 2 K associated to f as in Section 4.2. Fix an embedding G ℓ ֒→ G Q and let V f be a two dimensional K-vector space on which
With these assumptions, let T f ⊆ V f denote a G ℓ -stable O-lattice; by abuse of notation we simply write D f for D(T f ). Then by (3.2) and (FL1) we have
f 0 x = αx + βy; f 0 y = γx + δy. By (3.3) and (FL2) we have
.
Computation of local invariants. Let f = a n q n and T f ⊆ V f be as in Example 3.5. Letρ
be the Galois representation on T f /λT f . Proposition 3.6. Assume ℓ ∤ N and ℓ > 2k. Then
As ℓ > 2k, we may thus apply Proposition 3.2 to obtain
Here D f corresponds to T f as in Example 3.5 and D ω is as in Example 3.4. By (FL3) we have
Thus to prove the proposition it suffices to compute the latter group. We have
where x is as in Example 3.5 and w is an O-generator of D ω . We compute:
ℓ k (αx + βy) ⊗ (αx + βy) ⊗ w. Suppose now that (3.4) is non-zero. Then by (3.5) we must have
In particular, we must have v(α) = k/2. Since also v(α) ≥ k − 1, this implies that k = 2 and v(α) = 1. Thus (3.7) implies that v(β) > 1. As αδ − βγ = ℓω(ℓ), we conclude that v(δ) = 0 and αδ ≡ ℓω(ℓ) (mod λ e+1 ).
Using this and (3.6) one deduces easily that
as claimed.
Unobstructed deformation problems
4.1. Modular representations. Let f = a n q n be a newform of weight k ≥ 2, level N , and character ω. Fix a finite set of primes S containing all primes dividing N . Let K be the finite extension of Q generated by the a n . Then for any prime λ of K (say of residue characteristic ℓ) there is a continuous Galois representation 
Special primes.
We continue with the notation of the previous section. The proof of the next lemma is a straightforward matrix computation; we omit the details. 
for almost all primes λ.
Proof. As always it suffices to prove the proposition forε λ ⊗ ad for almost all primes λ.
Proof. We apply Proposition 1.2. Hypothesis (1) holds for almost all λ by Proposition 2.2 and Remark 2.3 (for p ∈ S for which π p is not special), Proposition 4.2 (for p ∈ S at which π p is special), and Proposition 3.6 (for p = ℓ). Hypotheses for almost all primes λ dividing ℓ with a 2 ℓ ≡ ω(ℓ) (mod λ). In particular, (4.2) holds for a set of λ of density one.
